Abstract: This paper investigates heat and mass transfer of nanofluid over a stretching sheet with variable thickness. The techniques of similarity transformation and homotopy analysis method are used to find solutions. Velocity, temperature, and concentration fields are examined with the variations of governing parameters. Local Nusselt number and Sherwood number are compared for different values of variable thickness parameter. The results show that there exists a critical value of thickness parameter β c (β c ≈ 0.7) where the Sherwood number achieves its maximum at the critical value β c . For β > β c , the distribution of nanoparticle volume fraction decreases near the surface but exhibits an opposite trend far from the surface.
Introduction
Nanofluid has been the topic of extensive research owing to its excellent physical properties, especially high thermal conductivity [1] [2] [3] . Buongiorno [4] demonstrated that the Brownian diffusion and thermophoresis are the two most important mechanisms to account for the abnormal convective heat transfer enhancement in nanofluid. On the basis of these analyses, a new two-component four-equation model of the conservation of mass, momentum, and heat transport in nanofluid was proposed. From then on, a lot of scholars have studied this model to perform the effects of Brownian diffusion and thermophoresis in different systems [5] [6] [7] [8] [9] . Kuznetsov and Nield [10] considered natural convective boundary layer flow of nanofluid past a vertical plate. Sheikholeslami et al. [11] investigated the natural convection heat transfer of nanofluid in an enclosure under magnetic field numerically. Eid and Mahny [12] focused on heat and mass transfer of a non-Newtonian nanofluid flow described by a two-phase model (see also [13] [14] [15] [16] [17] for related literatures).
The boundary layer flow past a stretching sheet has attracted considerable attention in many fields of industry and engineering processes. Its applications appear in melt spinning, manufacture of plastic and rubber sheets, etc. Rollins and Vajravelu [18] studied the heat transfer characteristics of a second-order fluid over a stretching sheet with linearly varying velocity. Khan and Pop [19] investigated heat and mass transfer of nanofluid driven by a linear stretching sheet, and the effects of Brownian motion and thermophoresis were considered. The investigations of laminar flow of a nanofluid over a stretching sheet with a convective boundary condition were considered in [20] . However, the motion of the sheet may not necessarily be linear. Ali [21] analysed the flow and heat transfer which is driven by a power-law stretched surface subject to suction or injection. Further, the study of boundary layer flow and heat transfer was extended to an exponentially stretching sheet by Magyari and Keller [22] . Moreover, the stretching sheet with variable thickness was proposed by Fang et al. [23] due to its practical importance. In that investigation, they had shown that the non-flat stretching sheet influences the boundary layer development along the wall and the shear stress distribution in the fluid. Subsequently, a number of researches have been conducted to examine the thickness-varying stretching sheet in [24] [25] [26] [27] . To the best of our knowledge, the investigation of exponential stretching sheet considering variable thickness in the current literatures is still lacking. Therefore, the objective of this paper was to study the boundary layer flow, heat, and mass transfer of Maxwell nanofluid over an exponential stretching sheet with variable thickness.
In view of fluid diversity in nature, the generalised Maxwell constitutive equation with an upper-convected derivative has been widely studied to describe the viscoelastic properties of non-Newtonian fluid. This type of constitutive relation includes the relaxation time effects. Sadeghy et al. [28] investigated laminar flow of the upperconvected Maxwell model over a moving rigid plate. They found that skin friction decreases with increasing Deborah number. The unsteady flow of the Maxwell fluid between two side walls induced by a suddenly moving wall was studied by Hayat et al. [29] . Singh and Agarwal [30] reported the effects of variable viscosity and variable thermal conductivity on the steady flow and heat transfer of the Maxwell fluid. The results indicated that skin friction and heat transfer coefficient are lower for the Maxwell fluid than constant viscosity and thermal conductivity coefficient. Recently, Hsiao [31] investigated the applications of Maxwell fluid in extrusion manufacturing processing. By the improved parameters control method, he found that the larger Schmidt number produces the higher mass transfer effects. Finally, we mention a few interesting problems studied by different scholars in this field [32] [33] [34] .
The homotopy analysis method (HAM) is an analytic approximation method for solving nonlinear equations introduced by Liao in 1992 [35] , and the effectiveness of the HAM has been validated by Liao [36] and other scholars [37, 38] . This method has extensive successful results by solving many types of nonlinear equations in science and engineering [39, 40] . In this paper, HAM is applied to solve the reduced governing equations resulting from the similarity transformation. The paper is organised as follows: in Section 2, the mathematical model is formulated. The detailed similarity reduction procedures for the governing equations are presented in Section 3. The analyses of results and discussions are given in Section 4, followed by conclusions in Section 5.
Mathematical Formulation of the Physical Model
Consider a two-dimensional steady laminar flow of viscoelastic incompressible Maxwell nanofluid over an exponential stretching sheet with variable thickness in the form of y = ae
, (a > 0, n > 0). Note that for n = 0 the stretching surface is of the same thickness. It is assumed that the motion of the extendable sheet satisfies the velocity distribution U w (x) = u 0 V(x) [41] , where V(x) = e nx/l . The ambient temperature and nanoparticle volume fraction are T ∞ and C ∞ . The temperature T and nanoparticle volume fraction C on the wall are denoted as T w (x) = T ∞ + T 0 V(x/2) and C w (x) = C ∞ + C 0 V(x/2), respectively. It is assumed that the horizontal velocity is slow, with negligible effect on the distribution of temperature and nanoparticle volume fraction. The physical model and coordinate system are shown in Figure 1 . The boundary layer equations governing the conservations of fluid mass, momentum, energy, and nanoparticle mass can be expressed as follows:
The boundary conditions are
where u and v are velocity components in the directions of x and y, λ 1 is the relaxation time parameter, ν is the coefficient of kinematic viscosity, α is the coefficient of thermal diffusivity of the fluid, D B is the Brownian diffusion coefficient, D T is the thermophoretic diffusion coefficient, and τ = (ρc p ) p /(ρc p ) f is the ratio between the effective heat capacity of the nanoparticle and the heat capacity of the fluid. a is a positive variable thickness parameter, n is the exponential shape parameter, and l is the reference length. u 0 is a reference velocity. T 0 and C 0 are reference temperature and reference nanoparticle volume fraction in the stretching sheet, respectively.
Nonlinear Boundary Value Problems
Let ψ be the stream function satisfying u = ∂ψ/∂y, v = −∂ψ/∂x. Introduce the following dimensionless functions F, θ, and φ and the similarity variable η as [7, 42] 0 0
Substituting (6) into (1)- (4), then, the following nonlinear ordinary differential equations are obtained
and the boundary conditions (5) are converted into
with the associated parameters, and here the primes denote differentiation with respect to η. β η ν = = 0 / 2 a u l is the surface thickness parameter. To facilitate the computation, the coordinate transform ξ = η − β is exploited. Equations (7)- (9) and the associated boundary conditions (10) and (11) become
where λ > 0 is the local Deborah number, Pr is the Prandtl number, Sc is the Schmidt number, β is the thickness parameter, Nb is the Brownian motion parameter, and Nt is the thermophoresis parameter. The following expressions are obtained:
where the primes denote the differentiation with respect to the similarity variable ξ. The quantities of practical interest are the local Nusselt number Nu x and the local Sherwood number Sh x , which are defined as
q w is the heat flux and q m is the mass flux, which are given by 2 2 , .
The local Nusselt number Nu x and the local Sherwood number Sh x are obtained as
where Re x = 2lu 0 e nx/l /ν is the local Reynolds number.
Results and Discussions
In this paper, the steady flow of the Maxwell nanofluid over an exponential stretching sheet with variable thickness is studied analytically. The ordinary differential (12)- (14) subject to the boundary conditions (15) and (16) 
Convergence of the Series Solutions for HAM
The governing nonlinear similarity equations and their boundary conditions (12)- (16) are solved by HAM analytically. It is straightforward to use the set of base functions:
On the basis of the rule of solution expressions (21) and the boundary conditions (15) and (16), the following initial guesses for functions f, θ, and φ are chosen as follows: 
Analysis of the Thickness Parameter and the Shape Parameter
Figures 3-5 depict the effects of the thickness parameter β and the shape parameter n on the distribution of velocity f ′(ξ) and temperature θ(ξ) for the Maxwell nanofluid. As shown in Figure 3 , the velocity distribution and boundary layer thickness increase with higher thickness parameter. Because the wall thickness parameter is increased, the stretching velocity enhances, which leads to flow velocity enhancement. The effects of the thickness parameter β on the temperature profile are illustrated in Figure 4 . The temperature increases and the thickness of the thermal boundary layer becomes thicker as the thickness parameter is lengthened. This is because the temperature on the wall becomes higher with the increase of thickness parameter, that is, the wider range of temperature increases between the surface of the sheet and the ambient fluid, which causes an enhancement in temperature. The influence of shape parameter n on velocity is depicted in Figure 5 . It is shown that the velocity decreases in the boundary layer for each of the shape parameter, which results in a thinner boundary layer. Table 2 shows the results of the local Nusselt number, the local Sherwood number, and the velocity gradient at the sheet surface corresponding to different values of β and n with the set of parameters λ = 1, Nb = 0.1, Nt = 0.1, Pr = 1, and Sc = 2. It can be observed from Table 2 that the local Nusselt number and the Sherwood number decay by an increase in the shape parameter n, while the opposite trend is observed for the values of velocity gradient at the sheet surface. Figure 6 displays the effects of the Brownian motion parameter on the temperature distribution of the nanofluid. The results show that the temperature profiles of the nanofluid are increased by the Brownian motion parameter. This is because the influence of heat conduction penetrates farther into the fluid with enhanced random motion of the nanoparticles. Consequently, the thermal boundary layer becomes thicker, which implies a lower efficiency of convection thermal transport. Figure 7a and b illustrate the influence of the therophoresis parameter Nt on the distribution of nanoparticle volume fraction. When β = 0, that is, reduced to the flat sheet case, as presented in Figure 7a , one can observe that the volume fraction distribution of the nanoparticles increases uniformly in the whole concentration boundary layer for the higher therophoresis parameter Nt. Physically there is an increase of mass boundary layer thickness with the accretion of thermophoretic force, which causes transfer of nanoparticles towards the cold regions and thus enhances the magnitude of the nanoparticle volume fraction profile. Figure 7b presents the nanoparticle volume fraction profile for the thickness parameter β = 1. The nanoparticle volume fraction distribution decreases with the increasing therophoresis parameter near the surface, but the opposite trend occurs far away from the surface. This is because the variable thickness sheet facilitates the convection transfer of nanoparticles. Another point worthy of comment is that the thickness of the nanoparticle volume fraction boundary layer rises with increasing Nt, and the distribution of nanoparticle volume fraction is similar to the case with the flat sheet as shown in Figure 7a for the zone far away from the surface.
Analysis of the Brownian Motion Parameter and the Thermophoresis Parameter
With further calculation, a pretty interesting result is observed: there exists a critical value of the thickness parameter β c (β c ≈ 0.7) for the occurrence of an intersection point in the profile of nanoparticle volume fraction under the change of therophoresis parameter Nt. As presented in Figure 7 , the nanoparticle volume fraction in the boundary layer has different variable trend on the different side of the critical value β c . That is to say, the nanoparticle volume fraction profile φ increases with the increase of Nt in the whole layer when the thickness parameter is less than the critical point (β < β c ). For β > β c , there appears an intersection point as seen in Figure 7b . Moreover, the position of the intersection point is gradually far away from the stretching sheet with increasing β. As is well known, the Sherwood number Sh x is a measurement of mass transfer. Figure 8 illustrates the results of the local Sherwood number for different thickness number β. The local Sherwood number enlarges with an increasing thickness parameter when the therophoresis diffusion has dominant effects in mass transfer (the thickness parameter below the critical value β < β c ). This is because thermophoretic diffusion enhances the mass transfer of nanoparticles in the Maxwell fluid; thus, the local Sherwood number is higher. However, there is a reduction in the local Sherwood number with thickness parameter accretion, as the thickness parameter has dominant effects (the thickness parameter upon the critical value β > β c ). Moreover, at the critical value β c ≈ 0.7, the ability of mass transfer achieves the highest value.
Analysis of the Local Nusselt Number and the Local Sherwood Number
The variations of heat transfer rate and mass transfer rate for various values of sheet shape parameter are investigated in Figure 9 . Figure 9a describes the variation of the local Nusselt number with an increase in shape parameter n for different values of Pr. It can be seen that the heat transfer rate at the stretching sheet decreases when the shape parameter is increased. This is because the temperature of the surface becomes higher as n increases. Further, the thermal boundary layer thickness increases and the thermal resistance becomes stronger. number becomes larger with the increase of the Schmidt number. The effects of thickness parameter β on the local Nusselt number and the local Sherwood number are presented in Figure 10 . One can conclude from Figure 10a and b that the increase of thickness parameter causes the reduction of heat transfer on the sheet surface (decrease of local Nusselt number) and mass transfer of nanoparticles (decrease of local Sherwood number). A larger thickness parameter means thicker thermal boundary layer and higher thermal resistance, which finally results in lower heat transfer on the sheet surface. Mass transfer of nanoparticles is similar to heat transfer on the sheet surface.
Conclusions
The effects of variable thickness stretching sheet on heat and mass transfer for nanofluid in boundary layer flow has been investigated. The two-component Buongiorno model is utilised in the mathematical formulation to describe the motion of nanoparticles. Approximate solutions are obtained by HAM, and these results are in good agreement with the numerical solutions. Several important conclusions are as follows: (i) Thickness parameter has significant effects on the velocity, the temperature fields, and the local Nusselt number. As thickness parameter increases, local Nusselt number decays, while the velocity and temperature profiles increase. (ii) The shape parameter of a stretching sheet strongly affects the velocity field and the local Nusselt number. Both velocity and local Nusselt number are reduced due to shape parameter accretion. (iii) There appears a critical value of the thickness parameter, at which the nanoparticle volume fraction profile has different distribution on the different side of the critical value (β c ≈ 0.7). For β < β c , the variation of nanoparticle volume fraction distribution with increasing therophoresis parameter is similar to the plate model. For β > β c , the nanoparticle volume fraction distribution decreases with increasing therophoresis parameter near the surface, but the opposite trend occurs far away from the surface. (iv) The variation of the local Sherwood number is not necessarily monotonic with thickness parameter β as shown in Figure 8 . In a monotone variation situation such as Nt = 0.1, the local Sherwood number decreases with increasing shape parameter and thickness parameter.
